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ANALYTIC CALCULATION OF TEMPERATURES DURING GRINDING 
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The problem of determining the quasi-steady temperature field in a 
part during grinding is examined ailowing for periodic thermal effects; 
the differential heat-conduction equation is analyzed with boundary 
layer theory. 

The re l iabi l i ty  and l i fet ime of machines  and tools 
a r e  de te rmined  mainly  by the s t ruc tu re  and finish of 
the component working su r faces ,  which in turn  depend 
on the the rmal  conditions during the final operat ion of 
fabricat ion,  i . e . ,  grinding. The question of a theo-  
re t ica l  invest igation of the t empera tu re  field during 
grinding is rece iv ing  a good deal of attention. 

References  [1, 2] suggest  an analyt ical  method of 
solving this p roblem;  it is based on the solution of the 
heat -conduct ion equation with natural  boundary con-  
ditions of the fourth kind; the one-dimensional  hea t -  
conduction equation was cons idered  without al lowing 
for  the in termi t tent  na ture  of the heat source .  The 
p resen t  paper  cons ide r s  the problem of de termining  
the t empe ra tu r e s  of a rota t ing component ,  with a c -  
count taken of the per iodic  the rmal  effect. 

The quas i - s t eady  t empera tu re  state of a rotat ing 
body in a fixed sys t em of coordina tes  can be de-  
sc r ibed  by the heat-conduct ion equation 

OT [O~T 1 0 T  1 02T ) 
- -  o~ = a + - - - -  + - - - -  (1) 
O cp~ \Or  ~ r Or r~ O cp~ 

with the boundary conditions 

aT = q(cpl) + ctkT, (2) 
k ~ r r = R  

r=R 
/r < (p~ < 2 ~ - - ( p l  o 

where T is finite. 

Transforming to dimensionless form, we obtain 

aT 02U 1 OU 1 O~U 
- - N - - - -  + - - - -  + , (4) 
Ocp ap ~ p ap p~ oq~ ~ 

where 

N = ca R2/2a, p = r/R, U (p, ~) = 2"~a T (r, cp)/qo , 

a_ff = ] - - 2 ~ P f ( q ~  - - % ~ q ~ < % ,  p = o ,  
0p { ~U, % < T < 2z~--q3o, p = 0 ,  

OU ~ O, 

U(p, q0)= U(p, qo+2an) ,  n = 0 ,  I . . . . .  k, 

f (~)  = q (m)/q0, 

where  # = ~R/~, and the p a r a m e t e r  N, c o r r e s p o n d -  
ing to the Peeler  number  Pe, l ies  in the range [10 ~ -  
10 ~) for  the ma jo r i ty  of p rac t i ca l  cases  of grinding.  

Thus, in an equation of the second o rder ,  we have a 
la rge  p a r a m e t e r  N for  the f i r s t  der ivat ive .  This in-  
dicates  the p re sence  of a ' c e r t a i n  the rmal  boundary"  
l ayer  in which a noticeable t empera tu re  change oc -  
curs .  As we move out f r o m ' t h e  boundary layer ,  as 
Eq. (4) indicates ,  

OU 1 ( O2U 1 OU 1 OW ) ~ 0 ,  (4a> 
a~ N ~ a o ~ + - #  ~ + o ~ a~ - - v  

i.e., T =eonst. 

We assume that the dimensionless thickness of the 
"boundary" layer is 5; we estimate the order of mag- 

nitude of the quantities appearing in Eq. (4) 

a) rl H a ~ N ~ : _ ? r  b) 8~U U 
a q~ 2a O p2 82 ' 

I au U 1 a~u U 
c )  d) p2 ~ (2~)2" p Op 8 aq~ ~ 

For Eq. (4) not to degenerate into an equatio~ of 

the form 0U/8~0 = 0, we must have the orders of mag- 
nitude of the quantit ies (8U/3~g)N and 82U/OD 2 eq'Aal, 
i. e . ,  UN/27r = U/52. Then th~ o r a e r s  of magnitude of 
the t e r m s  of Eq. (4) will be 

a) ?u N ~  u N; ~) a~u u x; 
0 cp 2~ O p2 2,= 

OU U 1 a2u u c) ' V'N; d) _ (45) 
p.  ap 2~ p2 aq~2 (2~)2 

It can be seen f rom Eq. (4b) that only a) and b) will be 
quantit ies of the f i r s t  o rde r  for  la rge  N, while c) and 
d) a r e  negligibly small ,  for example,  for  N = 104. 
Dividing express ion  a) by N, we see that  8U/Oq~ ~ 1; 
( l /N)( 02U/~p z) will also be ~ 1. We shall mult iply by 
2~, and obtain 

1 1 au V - ~ -  2.5 0.025, and 
N 9 Oo ] / N  100 

1 1 O~U 1 t 1 

N p2 a (p2  N . 2 ~  N.2r. 10000.6.28 

Thus, we see that in the nboundary" h tyer  the 
quanti t ies c) and d) a re  negligibly small in c o m p a r i -  
son with a) and b). Then in Eq. (4), re ta ining quanti-  
t ies  of the f i r s t  o rder ,  we obtain an equation of the 
fo rm 

O2U au 
N = 0 .  

0 p2 Ocp 

The majo r i ty  of cases  involves grinding of bodies 
whose d imensions  a re  cons iderab ly  l a rge r  than the 
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t h e r m a l  boundary  l a y e r  t h i c k n e s s .  Thus,  fo r  example ,  
the  boundary  l a y e r  dur ing  gr ind ing  i s  u sua l l y  1 to 2 
ram,  whi le  the  t h i ckness  of components  be ing  ground 
i s  u sua l ly  30 to 100 m m .  F o r  th i s  r e a s o n ,  i n s t e a d  of 
the  condi t ion T = cons t ,  for  y = 6, we can apply  the  
condi t ion ~T/Oyl y~oo ~ 0 to the b o u n d a r y - l a y e r  th i ck -  
n e s s ,  which c o r r e s p o n d s  to the  s o - c a l l e d  a sy mpto t i c  
bounda ry  l a y e r .  

Ca lcu la ted  Values  of Contact  
and R ~ i d u a l  T e m p e r a t u r e s  

T Tmax'  ~ Tmi n, ~ 

0.35 
0.87 
0.43 
1.29 

]380 
1131 
1580 
1260 

75 
51 
93 
60 

The so lu t ion  of Eq. (4), obta ined  with the  help  of 
the G r e e n ' s  function,  has  the  f o r m  

(P. 

2~ J 
--r 

+ ~ [3 exp [ira (r - -  e~') - -  (2Nmi)'/, p] 
+ (2Nmi)'h } d r 

F o r  the  t e m p e r a t u r e  at  the  su r f ace ,  we obta in  the i n -  
t e g r a l  equat ion 

~Po 

--(Pt 

r 

+ 2~ ~ { ~ + (Nm)'/, cos m(~ - ~ ' )  + 

+ (Nm)'/, sin m (~ --  ~p')} {([~ + Nm)'/, + 

Because  of the  s m a l l  angle  of contac t  (0.5-3~ we 
can a s s u m e  that  

f ( , )  + U (~') = const. 
2~ 

The~, 

U (q)) = C {2% + 2y x 

x~-~, 2 sin m % [(?m(y 2-1- mv~_t_ 2~ ) c o s m ~ p + m ' / , s i n m @ } . +  m'/, + 2m) (5) 

r a ~  1 

Here  3' = B (N) - 1/2. We can find the cons tant  C f rom 
the condi t ion at  the  b o u n d a r y p  = 0, 

~Po (Pn 

--~o --cpo 

The s e r i e s  in Eq. (5) c o n v e r g e s  s lowly;  thus  to o b -  
t a in  an a c c u r a c y  of 0.001, we m u s t  t ake  4." 106 t e r m s  
of the s e r i e s .  T h e r e f o r e ,  we should s e p a r a t e  out and 
sum up the s lowly  convergen t  p a r t s  of the s e r i e s .  
Then Eq. (5) i s  w r i t t e n  in the f o r m  

u ( ~ )  = 

= C { 2 % + 2 3 / s  [cos m (cp - -  % ) - -  cos m (q) -t- %)] • 

1 [ 1 y y~ y4 
X - ~  re'l, m ~ + 2~1 ,  4m'h + 

+ ~t 5 (~ + 2m'/, ) ] 

8 r a ' / . ( - ~ - + v m ' / ' + m )  + 

+ [sin m (r + %) --  

1 [ 1 3? 2 
-- sin m (~ - -  %)1 -~- m'/, 2m~/, + 

i- 

y3 y4 
+ + 

2m 3 4m'/~ 

+ 
8( :mJ + 

The convergence  of the r e m a i n d e r  a f t e r  s e p a r a t i n g  out 
the  s i n g u l a r i t y  wil l  be of o r d e r  O(lhn4),  and the con-  
s tan t  is  

~qo%{ C = 2 sin ~ m % x 

1 ~, 3/a 
x m S 2m 5/z + 4tn'/, 

_ 23/~ rn'/.- § 3/6 ] }-1. 
8m '/2 + 8s m 4 +43/2m '/'- 

In g r ind ing  p r a c t i c e ,  m o s t  often the p a r a m e t e r  7 = 
= 0.03 to 1:3, and the angle  of contac t  (P0 = 0.5 to 3 ~ 
F o r  t h e s e  r a n g e s  of v a r i a t i o n  of y and (P0, we can con -  
s i d e r  that  

U (qo) - C [2~o + 

+23/ sin m %sin mcp tn ~/o m 2 
n l = l  

+ 2m 5/, 4m '/2 + sinm%cosmcp ~ -  m'/: 

,~ ,3 , 4 ) ]  
2m 5 /, -~ 2m "~ 4m ' ,"- ' 

and C = clo/2wc~, s ince  the  d i s c a r d e d  t e r m s  give an 
e r r o r  of ~ 1% for  T < 1, and for  T > 1 the  e r r o r  is  4 to 
5% in ca l cu la t ing  Tma x, the m a x i m u m  t e m p e r a t u r e  in 
the contact  zone. 

We should a l so  t ake  account  of the fact  that  we a s -  
sumed  ~k  = 0 in condi t ion (4) ; if we a s s u m e  ~k,  a c -  
co rd ing  to [1, 2], then ca l cu la t ions  show that  the d i f -  
f e r e n c e  is  l e s s  than 1.5% b e c a u s e  of the  s m a l l n e s s  
of the contac t  angle .  T h e r e f o r e ,  if 0 _< ~ k - -  ~ '  we can 
take ~k = ~" Then C = q0/2r~,  a l so  for  a k  = 0. The 
s lowly  convergen t  s e r i e s  of the fo rm 

s c ~  a n d ~  sinmqD 
m v m v 

n t =  1 h i =  1 
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can be calculated using the integral representation of 

[5]: 

~ cosm, cp I f tv-le-t(cos~--e-t) dt ' 
m~ r (~) 1 2 ~ 2t - -  cosq~e- + e -  

m =  l 0 

~ s i n m ~  1 2 t'-Ie-'sin~p d L 
rn ~' F(~) 1 --  2cosq)e -1 +e -=t 

r r r  0 

Table 1 gives r e su l t s  of calculat ion of component 
surface t empera tu re s  for var ious  values of the p a r -  
ame te r s  y, corresponding to the ease of grinding of 
type 45 carbon steel  and hea t - r e s i s t an t  EI 437 al loy 
under the init ial  conditions of [2, 4]. 

A determinat ion  of the amount of heat pass ing into 
the component was made by the ETA method [3] on an 
EGDA 9/60 e lec t ronic  in tegra tor .  The maximum con- 
tact  t empera tu re  was evaluated a lso  by means of e l ec -  
t r i ca l  modeling. The d i sc repancy  from the calculated 
data was 7 to 9%. 

The d i sc repancy  f rom the calculated data of [2] was 
9 to 15% in calculat ing the maximum tempera tu re  in 
the contact zone, and 300 to 400% in calculat ing Tmi n, 
i. e . ,  the t empe ra tu r e s  remaining at the component 
surface at the end of the cycle (the beginning of t r a n -  
sit ion to the cutting zone). In addition, the above ca l -  
culation makes it poss ib le  to determine  Tav = q0q~0/~% 
the average res idual  t empera tu re ,  i . e . ,  the s teady 
t empera tu re  of the component. 

NOTATION 

T is the temperature; w is the angular velocity; 

r, ~i are coordinate variables; a is the thermal dif- 

fusivity; ~ is the thermal conductivity; R is the com- 

ponent radius; 2q~0 is the contact angle; ~k Js the heat- 
transfer coefficient in the contact zone; ~ is the heat 

transfer in the out-of-contact zone; F (v) is the gamma 

function. 
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